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We study the boundedness from one general local Morrey-type space to another one of the
generalized Riesz potential(︀

𝐼𝜌(·)𝑓
)︀

(𝑥) =

∫︁
R𝑛

𝜌(|𝑥− 𝑦|)𝑓(𝑦)𝑑𝑦, 𝑥 ∈ R𝑛,

under certain assumptions on the kernel 𝜌. Our aim is to generalize the known results for the
case of the classical Riesz potential 𝐼𝛼, in which 𝜌(𝑡) = 𝑡𝛼−𝑛, 𝑡 > 0, 0 < 𝛼 < 𝑛.

Let, for a Lebesgue measurable set Ω ⊂ R𝑛, M(Ω) denote the space of all functions
𝑓 : Ω −→ C Lebesgue measurable on Ω, and M+(Ω) denote the subset of M(Ω) of all non-
negative functions.
Определение 1. Let 0 < 𝜃 ≤ ∞ and let 𝑤 ∈ M+

(︀
(0,∞)

)︀
be not equivalent to 0. We denote

by 𝐿𝑀𝑝𝜃,𝑤(·) the local Morrey-type spaces, the space of all functions 𝑓 ∈ M(R𝑛) with finite
quasi-norms ‖𝑓‖𝐿𝑀𝑝𝜃,𝑤(·) ≡ ‖𝑓‖𝐿𝑀𝑝𝜃,𝑤(·)(R

𝑛) = ‖𝑤(𝑟)‖𝑓‖𝐿𝑝(𝐵(0,𝑟))‖𝐿𝜃(0,∞)

where 𝐵(0, 𝑟) is the open ball centered at the origin of radius 𝑟 > 0.
Определение 2. Let 0 < 𝜃 ≤ ∞.We denote by Ω𝜃 the set of all functions 𝑤 ∈ M+((0,∞))
which are non-equivalent to 0 and such that ‖𝑤‖𝐿𝜃(𝑡,∞) < ∞ for some 𝑡 > 0.

We define two classes of kernels 𝜌, namely 𝑆𝑛,𝑝1,𝑝2 and 𝑆𝑛,𝑝1,𝑝2 .
Let 𝐻 be the Hardy operator

(𝐻𝑔) (𝑡) :=

∫︁ 𝑡

0

𝑔(𝑟)𝑑𝑟, 0 < 𝑡 < ∞,

and
A =

{︁
𝜙 ∈ M+((0,∞); ↓) : lim

𝑡→∞
𝜙(𝑡) = 0

}︁
.

Теорема 1. Assume that 0 < 𝜃1, 𝜃2 ≤ ∞, 𝑤1 ∈ Ω𝜃1, 𝑤2 ∈ Ω𝜃2.
1. Let 1 < 𝑝1 < 𝑝2 < ∞ or 1 ≤ 𝑝1 < ∞ and 0 < 𝑝2 ≤ 𝑝1, and 𝜌 ∈ 𝑆𝑛,𝑝1,𝑝2. If the operator 𝐻

is bounded from one weighted Lebesgue space 𝐿𝜃1,𝑣1(·)(0,∞) to another weighted Lebesgue space
𝐿𝜃2,𝑣2(·)(0,∞) on the cone A, where

𝑣1(𝑟) = 𝑤1

(︀
𝜇(−1)
𝑛,𝜌,𝑝1

(𝑟)
)︀ ⃒⃒ (︀

𝜇(−1)
𝑛,𝜌,𝑝1

(𝑟)
)︀′ ⃒⃒ 1

𝜃1 , 𝑟 > 0,

𝑣2(𝑟) = 𝑤2

(︀
𝜇(−1)
𝑛,𝜌,𝑝1

(𝑟)
)︀ (︀

𝜇(−1)
𝑛,𝜌,𝑝1

(𝑟)
)︀ 𝑛

𝑝2 |(𝜇(−1)
𝑛,𝜌,𝑝1

(𝑟))
′ |

1
𝜃2 , 𝑟 > 0,

𝜇𝑛,𝜌,𝑝1(𝑟) =

∫︀∞
𝑟

𝜌(𝑡)𝑡
𝑛

𝑝
′
1

−1
𝑑𝑡∫︀∞

1
𝜌(𝑡)𝑡

𝑛

𝑝
′
1

−1
𝑑𝑡
, 𝑟 > 0,

then the operator 𝐼𝜌(·) is bounded from 𝐿𝑀𝑝1𝜃1,𝑤1(·) to 𝐿𝑀𝑝2𝜃2,𝑤2(·).
2. Let 𝑝1 = 1, 0 < 𝑝2 < ∞ and 𝜌 ∈ 𝑆𝑛,1,𝑝2. Then the operator 𝐼𝜌(·) is bounded from 𝐿𝑀1𝜃1,𝑤1(·)

to 𝐿𝑀𝑝2𝜃2,𝑤2(·) if and only if the operator 𝐻 is bounded from 𝐿𝜃1,𝑣1(·)(0,∞) to 𝐿𝜃2,𝑣2(·)(0,∞) on
the cone A.
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Necessary and sufficient conditions ensuring the boundedness of the Hardy operator
𝐻 on the cone A, are known for any measurable functions 𝑣1 and 𝑣2 and any 0 < 𝜃1, 𝜃2 ≤
∞. Application of these results and Theorem 1 allows us to obtain sufficient conditions for
boundedness of the operator 𝐼𝜌(.) from 𝐿𝑀𝑝1,𝜃1𝑤1(.) to 𝐿𝑀𝑝2,𝜃2𝑤2(.) for 𝑝1 > 1 and necessary and
sufficient conditions for 𝑝1 = 1.
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