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Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ ïåðåíîñà
ñëåäóþùåãî âèäà

∂u(t, x)

∂t
+ g(x)

∂u(t, x)

∂x
= −µ(x)u(t, x), (1)

u(0, x) = u0(x) (x ∈ [0,∞)), (2)

u(t, 0) = p(t) +

∫ ∞
0

β(x)u(t, x)dx (t ∈ [0, T ]). (3)

Çäåñü T > 0, g(·) � çàäàííàÿ ïîëîæèòåëüíîçíà÷íàÿ îãðàíè÷åííàÿ èçìåðèìàÿ ïî Áîðå-
ëþ ôóíêöèÿ íà R1, µ(·) � çàäàííàÿ ïîëîæèòåëüíîçíà÷íàÿ îãðàíè÷åííàÿ èçìåðèìàÿ ïî
Áîðåëþ ôóíêöèÿ íà R1, u0(·) � çàäàííàÿ îãðàíè÷åííàÿ èçìåðèìàÿ ïî Áîðåëþ ôèíèò-
íàÿ ôóíêöèÿ íà [0,∞), p(·) � çàäàííàÿ îãðàíè÷åííàÿ èçìåðèìàÿ ïî Áîðåëþ ôóíêöèÿ,
β(·) � çàäàííàÿ îãðàíè÷åííàÿ èçìåðèìàÿ ïî Áîðåëþ ôóíêöèÿ íà [0,∞). Êðîìå òîãî,
ïðåäïîëàãàåì, ÷òî ôóíêöèÿ 1/g(·) ñóììèðóåìà íà ëþáîì êîíå÷íîì èíòåðâàëå.
Íà÷àëüíî-êðàåâàÿ çàäà÷à (1) � (3) âîçíèêàåò ïðè ìîäåëèðîâàíèè äèíàìèêè ñòðóêòóðè-
ðîâàííûõ ïî âîçðàñòó ïîïóëÿöèé [5, 6].
Ïðèâåäåííûå âûøå óñëîâèÿ íå ïîçâîëÿþò, âîîáùå ãîâîðÿ, îïðåäåëèòü ðåøåíèå íà÷àëüíî-
êðàåâîé çàäà÷è (1) � (3) â êëàññè÷åñêîì ñìûñëå. Íà îñíîâå îïðåäåëåíèÿ íåêëàññè÷åñêîãî
ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è (1) � (3) ïðè ïîäîáíûõ óñëîâèÿõ, ïðåäëîæåííîãî â
[3, 4], â äàííîé ðàáîòå ââîäèòñÿ îïðåäåëåíèå îáîáùåííîãî ðåøåíèÿ çàäà÷è (1) � (3) äëÿ
ñëó÷àÿ áîðåëåâñêèõ g(·) è µ(·).
Ðåøåíèåì íà÷àëüíî-êðàåâîé çàäà÷è (1) � (3) ïî ìåòîäó õàðàêòåðèñòèê áóäåì íàçû-
âàòü ïàðó (u(·, ·), a(·)), ãäå u(·, ·) : [0, T ] × [0,∞) 7→ R1 è a(·) : [0, T ] 7→ R1 áîðåëåâñêèå
îãðàíè÷åííûå ôóíêöèè, óäîâëåòâîðÿþùèå ñëåäóþùèì óñëîâèÿì

u(t, x) =


a(τ(t, x)) exp

(
−
∫ t
τ(t,x)

µ(λ(s; t, x))ds
)
, x ∈ [0, λ0(t))

u0(λ(0; t, x)) exp
(
−
∫ t

0
µ(λ(s; t, x))ds

)
, x ∈ [λ0(t),∞)

((t, l) ∈ [0, T ]× [0,∞))

(4)

a(t) = p(t) +

∫ ∞
0

β(x)u(t, x)dx (t ∈ [0, T ]), (5)

ãäå ÷åðåç λ(·; t0, x0) îáîçíà÷åíà õàðàêòåðèñòèêà óðàâíåíèÿ (1), ïðîõîäÿùàÿ ÷åðåç òî÷êó
(t0, x0) ∈ [0, T ]× [0,∞), òî åñòü ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ λ̇(t) = g(λ(t)),
ñ íà÷àëüíûì óñëîâèåì λ(t0) = x0, λ0(·) = λ(·; 0, 0), à τ(t, x) ∈ [0, T ], ãäå t ∈ [0, T ],
x ∈ [0, λ0(t)], òàêîâî, ÷òî λ(τ(t, x); t, x) = 0.
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Òåîðåìà 1. 1) Ïóñòü ïàðà (u(·, ·), a(·)) ÿâëÿåòñÿ ðåøåíèåì íà÷àëüíî-êðàåâîé çàäà÷è
(1) � (3) ïî ìåòîäó õàðàêòåðèñòèê, òîãäà a(·) � ðåøåíèå ñëåäóþùåãî èíòåãðàëüíîãî
óðàâíåíèÿ

a(t) = ξ(t) +

∫ t

0

β(λ(t;σ, 0))g(λ(t;σ, 0))a(σ) exp

(
−
∫ t

σ

µ(λ(s;σ, 0))ds

)
dσ (t ∈ [0, T ]), (6)

ãäå

ξ(t) = p(t) +

∫ ∞
λ0(t)

β(x)u0(λ(0; t, x)) exp

(
−
∫ t

0

µ(λ(s; t, x))ds

)
dx (t ∈ [0, T ]),

à u(·, ·) ïðåäñòàâëÿåòñÿ ïî ôîðìóëå (4).
2) Ïóñòü a(·) åñòü èíòåãðèðóåìàÿ ïî Ëåáåãó ôóíêöèÿ, ÿâëÿþùàÿñÿ ðåøåíèåì èíòåãðàëü-
íîãî óðàâíåíèÿ (6), a u(·, ·) çàäàíà ïî (4), òîãäà ïàðà (u(·, ·), a(·)) ÿâëÿåòñÿ ðåøåíèåì
íà÷àëüíî-êðàåâîé çàäà÷è (1) � (3) ïî ìåòîäó õàðàêòåðèñòèê.
Â ðàáîòå òàêæå ââåäåíî îáîáùåííîå ðåøåíèå çàäà÷è Êîøè ïî ìåòîäó õàðàêòåðèñòèê,
óñòàíîâëåíà ñâÿçü îáîáùåííîãî ðåøåíèÿ çàäà÷è Êîøè è ðåøåíèÿ íà÷àëüíî-êðàåâîé çà-
äà÷è (1) � (3) ïî ìåòîäó õàðàêòåðèñòèê, à òàêæå ñâÿçü îáîáùåííîãî ðåøåíèÿ çàäà÷è
Êîøè ïî ìåòîäó õàðàêòåðèñòèê è ðåøåíèÿ çàäà÷è Êîøè ïî Êðóæêîâó [2].

Ëèòåðàòóðà

1. Âàðãà Äæ. Îïòèìàëüíîå óïðàâëåíèå äèôôåðåíöèàëüíûìè è ôóíêöèîíàëüíûìè
óðàâíåíèÿìè. Ì.: Íàóêà, 1977.

2. Êðóæêîâ Ñ.Í. Êâàçèëèíåéíûå óðàâíåíèÿ ïåðâîãî ïîðÿäêà ñî ìíîãèìè íåçàâèñè-
ìûìè ïåðåìåííûìè // Ìàòåìàòè÷åñêèé ñáîðíèê. Ò. 81(123). � 2. 1970. Ñ. 228-255.

3. Kato N., Torikata H. Local existence for a general model of size-dependent population
dynamics // Abstract and Applied Analysis. V. 2. 1997. P. 207-226.

4. Kato N. Positive global solutions for a general model of size-dependent population
dynamics // Abstract and Applied Analysis. V. 5. 2004. P. 191-206.

5. Hritonenko N., Yatsenko Yu., Goetz R., Xabadia A. Maximum principle for a size-
structured model of forest and carbon sequestration management. // Applied Mathematics
Letters. V. 21. 2008. P. 1090-1094.

6. Hritonenko N., Yatsenko Yu., Goetz R., Xabadia A. A bang-bang regime in optimal
harvesting of size-structured populations. // Nonlinear analysis. V. 71. 2009. P. 2331-
2336.

2


